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Abstract. In this paper, the existence of parabolic boundary 
points of certain convex domains in C 2 is given. On the other 
hand, the nonexistence of parabolic boundary points of infinite 
type of certain domains in C 2 is also shown. 

1. Introduction 

Let O be a domain in C n . Denote by Aut(Q) the group of holomor- 
phic automorphisms of Q. The group Aut(Q) is a topological group 
with the natural topology of uniform convergence on compact sets of 
Q (i.e., the compact-open topology). 

It is a standard and classical result of H. Cartan that if Q is a 
bounded domain in C n and the automorphism group of Q is noncom- 
pact then there exist a point x £ f2, a point p £ dQ, and automorphisms 
tfj £ Aut(Q) such that (pj(x) — > p. In this circumstance we call p a 
boundary orbit accumulation point. The classification of domains with 
noncompact automorphism group relies deeply on the study the geom- 
etry of the boundary at an orbit accumulation point p. For instance, 
Wong and Rosay [I5],[T6] showed that if p is a strongly pseudoconvex 
point, then the domain is biholomorphic to the ball. In [1], [2], [3]and 
[5], E. Bedford, S. Pinchuk and F. Berteloot showed that if p is of finite 
type, then the domain is biholomorphic to the domain of the following 
form 

M P = {(w, z) £ C 2 : Rew + P(z, z) < 0} 

where P is an homogeneous polynomial in z and z. Each domain Mp 
is called a model of Q at p. To prove this, they first applied the Scaling 
method to point out that Aut(Q) contains a parabolic subgroup, i.e., 
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there is a point p^ G dQ and a one-parameter subgroup {/i'}< g R C 
Aut(Q) such that for all z G 

lim = Poo . (1.1) 

t— >±oo 

Each boundary point satisfying (11.11) is called a parabolic boundary 
point of Q. After that, the local analysis of a holomorphic vector field 
H which generates the above subgroup h* was carried out to show that 
Q is biholomorphic to the desired homogeneous model. 

We now consider a bounded domain Q C C 2 . Suppose that Q is 
biholomorphic to the domain D defined by D = {(w, z) G C 2 : Kew + 
(7(2;) < 0} with some smooth real-valued function on the complex plane. 
The one-parameter of translations {L*}t e R given by L t (w,z) = (w + 
it, z) acts on the domain D. The transformation : D ^ Q allows us 
to define the one-parameter group of biholomorphic mappings {h 1 :— 
ip^ 1 o L l oip} t( z R acting on Q. The fisrt aim of this paper is to show that 
this one-parameter group is parabolic. Namely, we prove the following 
theorem. 

Theorem 1.1. Let Vt be a C l -smooth, bounded, strictly geometrically 
convex domain in C 2 . Let ijj : Q — >• D be a biholomorphism, where 
D := {(w,z) G C 2 : Rew + o~(z) < 0}, a is a C 1 -smooth nonnegative 
function on the complex plane such that a(0) = 0. Then, there exists 
some point G dQ such that lim ip^iyo ± it,z) = for any 
(w, z) G D. 

On the other hand, R. Greene and S. G. Krantz [5] suggested the 
following conjecture. 

Greene-Krantz Conjecture. If the automorphism group Aut(Q) of 
a smoothly bounded pseudoconvex domain Q d C n is noncompact, then 
any orbit accumulation point is of finite type. 

The main results around this conjecture are due to R. Greene and 
S. G. Krantz [8], K. T. Kim [TTj, K. T. Kim and S. G. Krantz [12], [13], 
H. B. Kang [10], M. Landucci [H], J. Byun and H. Gaussier ©. 

Let Pqo (dQ) be the set of all points in dQ of infinite type. In [13], M. 
Landucci proved that the automorphism group of a domain is compact 
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if P^dfl) is a closed interval on the real "normal" line in a complex 
space with dimension 2. In [6], J. Byun and H. Gaussier also proved 
that there is no parabolic boundary point if P^dfl) is a closed interval 
transerval to the complex tangent space at one boundary point. For 
the case which P^dQ) is a closed curve on the boundary, is not there 
exist any parabolic boundary point? In [10], H. B. Kang showed that 
the automorphism group of the bounded domain fl = {(z, w) G C 2 : 
\z\ 2 + P(w) < 1} is compact, where the function P(w) is smooth and 
vanishes to infinite order at w = 0. In [13], K. T. Kim and S. G. 
Kantz considered the pseudoconvex domain fl C C 2 where the local 
defining function of fl in a neighborhood of the point of infinite type 
(0,0) takes the form p(z) = Rez± + ip(z 2 , Imzi). They pointed out 
that the origin is not a parabolic boundary point ( see [13], Theorem 
4.1]). Their proof based on the "fact" that the function ip vanishes to 
infinite order at (0, 0). But, in general, it is not true, e.g., ip(z 2 , Imzi) = 

e -l/N| 2 + | Z2 |4.| ImZl |2_ 

The second aim of this paper is to prove the following theorem which 
shows that there is no parabolic boundary point of infinite type if 
Poo (dfl) is a closed curve. 

Theorem 1.2. Let fl C C 2 be a bounded, pseudoconvex domain in C 2 
and G dfl. Assume that 

(1) dQ is C°°- smooth satisfying Bell's condition R, 

(2) There exists a neighborhood [/ o/0e dfl such that 

Q n U = {(21, z 2 ) G C 2 : p = Rezx + P(z 2 ) + Q{z 2 , Imz x ) < 0}, 

where P and Q satisfy the following comditions 

(i) P is smooth, subharmonic and strictly positive at all points 
different from the origin, where it vanishes at any order, 

i.e., lim = 0, ViV > 0, 

22^0 \z 2 \ 

(ii) Q(z 2 , Imz\) is smooth and can be written as Q(z 2 , Imz\) = 
\z 2 \ 4: \Im\ 2 R(z2, Imzi) with some smooth function R(z 2 , lmz\). 

Then, (0, 0) is not a parabolic boundary point. 
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Remark 1. By a simple computation, we see that (0,0) is of infinite 
type, (it, 0) with t small enough, are of type greater than or equal to 
4 and the other boundary points in a neighborhood of the origin, are 
strictly pseudoconvex. 

Acknowledgement. We would like to thank Professor Do Due Thai 
and Dr Dang Anh Tuan for their precious discusions on this material. 

2. Existence of the parabolic boundary point 

In this section, we prove Theorem 11.11 To do this, first of all, we 
recall some notations and some definitions. 

For two domains D,Q in C n , denote by Hol(D,Q) the set of all 
holomorphic maps from D into Q. Moreover, we donote by d(z, Q) the 
distance from the point z G Q to dQ and by A the open unit disk in 
the complex plane. 

Definition 2.1. Let p, q be two points in a domain fl in C n and X a 

vector in C n . 

(a) The Kobayashi infinitesimal pseudometric F^i(p,X) is de- 
fined by 

F n (p,X) = inf{« > 0\3g G Hol(A 7 Q),g(0) = 0,g'(0) = X/a} 

(b) The Kobayashi pseudodistance kn(p,q) is defined by 



where the infimum is taken over all differentiable curves 7 : 
[a, b] — * Q such that 7(a) = p and 7(6) = q. 

Before proceeding to prove the Theorem ll.il we need some following 
lemmas. 

Lemma 2.1. Let Q be a ^-smooth, bounded, strictly geometrically 
convex domain in C 2 . Then, there exists eo > such that for any 
77 G dfl and for any e G (0,e ], there exists a constant K(e) > such 
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that the following holds. 

kn(z,w) > ~lnd(z,dQ)-K(e) 
for any z,w G Q with \z — r]\ < e, \w — rj\ > 3e. 

Proof. Since dQ is strictly geometrically convex, there exists a family 
of holomorphic peak functions 

F : n x dil -> C 

0,?7) i ^ F(z,77) 

such that 

(i) F is continuous and F(.,rj) is holomorphic; 

(ii) \F\ < 1; 

(iii) There exist a positive constant A and a positive constant eo 
such that 1 1 — F(rj + tn^, rj)\ < At for t G [0, e ] , where n v is the 
normal to dQ at 77. 

Taking e > small enough, we may assume that dB(r), 3e) H <9f2 7^ 
for e < eo and for any 77 G <9f2. 

Let 7 be some smooth part in Q such that 7(0) = z, 7(1) = w and 

1 

/ FnlMt), Y(t)]di — kn(z,w) + 1. Let zo £ 7 such that \z — 77 J = 3e. 


We have 

kn(z,w)> [ Fah(t),j'(t)}dt-l>kn(z,z )-l. (2.2) 

Let 77 G <9f2 be such that z = fj + tn^, £ > 0. We set u := F(z , fj) and 
u := F(z, 77), u and u Q are in the unit disk A. Then we have 



ka(z,z ) > k A (u,u ) = l ln | + KHI > _l ln(1 _ 1 (u)|) (2 3) 

2 l-|r„ (u)| 2 

where t Uo {u) = = -^-. One easily checks that 

1 — UqU 



1 - «0 
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Using the properties of F we have 

|l-u| = \l-F(z,f{)\ < At = Ad(z,btt). (2.5) 
Since \r) — fj\ < \r) — z\ + \z — fj\ < 2e and \z — r)\ — 3e, we have 

Let M(e) = sup \F(z,r})\, M(e) < 1 and therefore 

\z-rj\>e 

l-|«o| = l-|F(zo,^)| >1-M(e) >0. (2.6) 
From dZ3D , dZSD an d (ESD we get 

2^4 

1-M")1< l- M (e) d{Z ' dn) - (2 ' 7) 
Then form fl2T2|) . ff2T3|) and $23]) we obtain 

1 1 2A 

fcoM > - J Ind^Ol) - 2 ln i-M( e ) ~ 1 (2 - 8) 

and this completes the proof. □ 

Lemma 2.2. Lei Q be a C 1 -smooth, bounded, strictly geometrically 
convex domain in C 2 and let rj,r]' G dQ with 77 7^ 77'. TTien t/iere exzsi 
e > and a constant K suth that 

k n (z, w) > — - In dfi) — - In d(w, dQ) — K, 
for any z G B(rj, e) and any w G B(r)', e). 

Proof. Let 77 and 77' be two distinct points on dQ. Suppose that \z— 77 1 < 

e and \w — rf\ < e and let 7 be a C l part in f2 connecting z and to such 
1 

that kfi(z, w) > J Fn[y(t),'y'(i)]dt— 1. If e is small enough we may find 


zq G 7 such that |z — 77 1 > 3e and \z — rf\ > 3e. Let z — 7(^0): then 
to 1 
k a (z,w)> j F a {i{t),i{t))dt + J F a {<y(t), l\t))dt - 1 

> £to(z,z ) + /cq(z ,^) - 1 

> --\nd(z,dQ) - -lnd(w,dfl)-2K(e) - 1, 
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where the last inequality is obtained by applying two times Lemma 
O □ 

We now recall the difinition of horosphere 

Definition 2.2. Let a G Q, t] G dQ, R > 0. The big horosphere with 
pole a, center rj and radius R in Q is defined as follows 

F?(rj,R) = {z G Q : liminf \k n (z,w) - k n (a,w)) < -lni?}. 

w—>rj 2 

Lemma 2.3. If Q is a ^-smooth, bounded, strictly geometrically con- 
vex domain in C 2 , then F^(r],R) H <9f2 C {rj} for any a G f2, i) £ 
Sfi, > 0. 



Proof. If there exists r/ G <9f2 fl F^(rj, R) then we can find a sequence 
{z n } C f2 with z n — > 77' and a sequence {w n } C f2 with z n — > 77 such 
that 

fcnOn,Wn) - k n (a,w n ) < 2 ln # ( 2 -9) 

By Lemma 12.21 the following estimate occurs if rj 7^ 77' and n great 
enough. 



1 1 

fca(z n ,uv) > --lnd(z n ,dQ) - - \nd(w n ,dtt) - K, (2.10) 

where K is a constant. 

On the other hand, we have 

ka(a,w n ) < --\nd(w n ,dn)+K(a), (2.11) 

since dQ is smooth. 

From ([23]), (gJED and fl2TTTD we get 

-hnd{z n ,dQ) < 1, (2.12) 
which is absurd. □ 

Proof of Theorem \l.l[ Set a n := ^ _1 (— t n , 0) where limt n = +oo, after 
taking a subsequence we may assume that lima n = aoo G <9f2. We may 
also assume that is the origin in C 2 . 
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Set bt ■= 1 +it, 0), according to Lemma f2T3l it suffices to show 

that there exists _R > such that 

{b t :t eR}cfla N ^). 

Since a„ — > a™, we have 



(2.13) 



liminf \ku(b t ,w)-ka(a , w)] < liminf \ka(b t , a n )-ku(a , a n )] . (2.14) 

w— taoo n— >+oo 

Then by the invariance of the Kobayashi metric and the convexity of 
D we have 

kn(b t ,a n ) - k n (a ,a n ) = k D [(-l + it,0), (-t n ,0)} - k D [(-t ,0), (-t n , 0)] 

= k H (-l + it, -t n ) - k H (-t , -t n ), 

(2.15) 

where H is the left half plane {Rew < 0}. 

Let a : H — > A be a biholomorphism between H and the disk A given 

, . iu + 1 , . . it , . 

by a(w) = -. bet z t := cr(— 1 + zi) = — and x n := a{— t n ) = 



-tn + 1 
-t n -l 



W — 1 

. Then we have 



-2 + zt 



fc H (-l + it, -t n ) - k u (-t , -t n ) = k A (z t , x n ) - k A (xo, x n ) 
= In 

= In 

= In 



In 



11 


Xn^t 


+ 


X n ~ Z t \ |1 " 


XnXQ 1 "I - |^ri 


-x \' 


) 


11 


— X n Zt 




x n -z t \'\l- 


- X n Xo\ 


\Xn 






11 


- X n X \ + 


\x n — x Q \ |1 


— x n z t \ 


+ \x n 




) 


11 


— x n z t \ — 


\x n ~Zt\ "|1 


— X n Xo 


\Xn 


- x 




11 


— X n Xo 2 - 


- x n — 2 


■ |1 - x n z t \ + 


Xn ~ 


zt\ 


11 


— x n Zt\ 2 - 


- x n — z t 2 


L|i - x n 


%o\ - 


Xn 




1 


x 


r |1 


Xn^t | ~t~ |^ 


n — Zt\ 


y 






1 - 




Ml 


— X n XQ | 


n ~ x 0\ ■ 









(2.16) 



From (I2.15P and (j2.16p we have 
lim [ka(b t ,a n ) - k n (a ,a n 



In 



l-xl |1-^| 2 
l-|^| 2 -|l-x | 2 



\l-xoY 



(2.17) 



Finally, fl2TT3l follows directly from fl2TTD and (l2~T7j) when In < 
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3. NON-EXISTENCE OF THE PARABOLIC BOUNDARY POINT OF 

INFINITE TYPE 

Let Q be a domain satisfying conditions given in Theorem 1 1.2 1 In this 
section, the non-existence of the parabolic boundary point of infinite 
type of Q is proved. First of all, we need some following lemmas. 

Lemma 3.1. There do not exist a, b £ C with Rea ^ and b ^ such 
that 

Re[aP(z) + bz k P'(z)} = i{z)P(z), (3.18) 

for some k £ N, k > 1 and for every \z\ < €q with 6q > small enough, 
where j(z) is smooth and 7(2) — > as z — > 0. 

Proof. Suppose that there exist a, b £ C with Rea 7^ and 7^ such 
that 

Re[aP(^) + te fc P'( 2 )] = 7(*)P(z), (3-19) 

for some k £ N, > 1 and for every |z| < e with e > small enough. 
This equation is equivalent to 

l + Re ^a Zk T$) ]=lli ~ z) ' V0< N <e °' ( 3 - 2 °) 
where 71(2) = 7(0) /Rea. Let P(z) = lnP(z) and write z = re iv> = 



2Rea 

e^. Then, by f l3T20l) . we get 



R 



dF dF . . . . . P P 

— (2) cos(/c</? + V) + -t-{z) sm(^ + VO = — r + ~z 
ox oy r K r K 



It we set ip = — , then 

k — 1 

— (re-) cos(^ ) + _(re*») sin(^ ) = --j + -^71 (re^ 
Let a(r) := F(re l(po ). It is easy to see that 

^) = "^ + ^7i(re-). 
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R 1 

Let h(r) := g(r) + — -j— . Then 

h'(r) = ^(re* ). 

We may assume that there exists tq small enough such that |/i'(r)| < 
R 

— r, for every < r < r^. Thus, we have the following estimate 
2r fc 

\h(r)\ < \h(r )\ + | / \h'(r)\dr\ 

Jr 

R f r 

< IM^o)| + ir| / r~ k dr\ 

Hence, 

g(r) > _JL rl -* _ | fc(ro) | + _JL_ r ;-* _ 

It implies that lim g{r) = +oo. This means that P(re lipo ) as 
r — »• + . It is impossible. □ 

Lemma 3.2. There do not exist a, b G C with Rea ^ and 6^0 stzc/i 
that 

Re[aP n+1 {z) + fe fc P'(^)] = -f(z)P n+1 (z), (3.21) 

/or some fceN, k > 1 and for every \z\ < e e > small enough, 
where 7(2;) — * as 2; — > 0. 

Proof. Suppose that there exist a, G C with Rea 7^ and 6^0 such 
that 

Re[aP n+1 (2-) + bz k P'{z)} = -f(z)P n+1 (z), (3.22) 

for some k G N, fc > 1 and for every \z\ < e with e > small enough. 
This equation is equivalent to 
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1 ... -b 



up 



where 71 (z) = 7(2) /Rea. Let F(z) = and write z = re 

P n (z) znRea 

-e^. By ( I3T23]) . we get 
R 

^-{z) cos(kcp + + ^-{z) sm(k<p + V) = ~ + ^7i(4 
It we set <^ = — , then 

k 1 

— (re^) cos(^ ) + — (re^ ) sin(^ ) = -- + -7i(re^°). 
ax ay r K r K 

Let ^(r) := F(re l</3 °). Then we see that 

*A0 = -£ + ^7i(re*°). 
.R 1 

Let /i(r) := </(r) H -— r . Then we may assume that there is ro 

1 — k r k — 1 
small enough such that 

for every < r < ro- Thus, we have the following estimate 
\g(r)\ < \g(r )\ + I / |^'(r-)|dr| 



< \9(ro)\ + ^\ [ r~ k dr\ 

< \g(r )\ - — ~r + — ~r 



2(k- 1) 2(fc- r 



Therefore, we obtain 



1 < 1 



fe-i 



This means that P{re m) ) does not vanish to infinite order at r = 0. It 
is a contradiction. □ 

Lemma 3.3. There do not exist a,b G C i?ea 7^ and b ^ sitc/i 
ife[aP n+1 (z) + &zP'(z)] = 7 (z)P n+1 (z), (3.24) 
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for some n > and for every \z\ < eo with eo > small enough, where 
'j(z) ^ as z — > 0. 

Proof. Suppose that there exist a, b £ C with Rea 7^ and 6 7^ such 
that (13.241) holds. We first consider the case n = 0. Then the equation 
(I3.24p is equivalent to 

Re[^J^lnP(z)] = -l + 7l (z), (3.25) 
where 71 (z) := 7(2) /Rea. Let tt(z) := lnP(z) and write 



2Rea 

a + i/3, z = x + iy. Then, by f)3.25p . we have the following first order 
partial differential equation 

d d 
(ax - py)—u(x, y) + (fix + ay)—u(x, y) = -1 + 7i(x, ?/). (3.26) 

In order to solve this partial differential equation, we need to solve the 
following system of differential equation. 

x'{t) = ax — (3y 
y '[t) = f3x + ay,t e R. 

By a simple computation, we obtain 

x(t) = c x e at cos((3t) + c 2 e at sin(/3t) 
y {t) = -c 2 e at cos(f3t) + ae at sm((3t, t £ R, 

where c\,c 2 are two constant real numbers. Let g{t) := u(x(t),y(t)). 
Then g\t) = -1 + Ji(x(t), y(t)). Thus, g(t) = -t + j ll {x{s),y{s))ds + 

to 

t + g(t ). From fl3T27j) . we get 

x 2 + y 2 = (cj + c 2 2 )e 2at , t £R. (3.28) 
Consider three following cases 

Case 1. a = 0. In this case, take ci = r > 0, c 2 = 0, where r small 
enough. Then, on each small circle {x(t) = rcos(t), = rsin(t), t £ 

[0,27r]}, g(t) = —t + f j 1 (x(s),y(s))ds+u(r,0). Taking r small enough, 


we may assume that \jx(x(s),y(s))\ < 1/2 for all s £ [0, 2tt]. It is easy 
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to see that |g(27r) — g(0)\ > n. This is absurd since g(2n) = g(0) = 
u(r, 0). 

Case 2. a > 0. By (137281) . (x(t),y(t)) -> as t -> -oo. Then, 

u(x(t),y(t)) — > +oo as t — > — oo. This is a contradiction. 

Case 3. a < 0. By f)3.28p . we have (x(t),y(t)) — > as t — > +oo and 

J 2;2 _|_ ^2 

t = — In — ^ 7T. Taking to > big enough, we may assume that 

2a c\ + c% 

\~/i(x(s),y(s))\ < 1 for all s > to- Then for all t > to, we have 



gif) > -(t-t ) - | / -f 1 (x(s),y(s))ds\-\g(t )\ 



to 

t 



>-(t-t )-\ J \ ll (x(s),y(s))\ds\-\g(t )\ 
to 

>-(t-t )-\t-t \-\g(t )\ 
> -2(t - t ) - \g(t )\. 

Hence, for all t > to, we obtain 

P(z(t)) > e~ 2t 

> \z(t)\- 1/a > 

where z(t) := x(t) + iy(t). It is impossible since P vanishes to infinite 
order at 0. 

We now consider the case n > 0. Then the equation (I3.24p is equiv- 
alent to 

Re t^474) 1= - 1+7iW ' (3 ' 29) 

where 7i(z) := j(z)/Rea. Let u(z) := and write 



P n 0) -2nRea 
a + i/3, z = x + iy. Then, by ( 13.291) . we have the following first order 

partial differential equation 

d d 
{ax - py)—u(x, y) + {(3x + ay)—u(x, ?/) = -! + 7l (x, y). (3.30) 
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In order to solve this partial differential equation, we need to solve the 
following system of differential equation. 



x'(t) = ax — (3y 
y '(t) = px + ay,te R. 

By a simple computation, we obtain 

x(t) = cie at cos(/%) + c 2 e at sm(pt) 
y {t) = -c 2 e at cos(pt) + de at sin(/?t), t G 



(3.31) 



where ci,c 2 are two constant real numbers. Let g(t) := u(x(t),y(t)). 

t 

Then g'{t) = -1 + 7i(x(t), y{t)). Thus, g(t) = -t+ J ll (x(s),y(s))ds + 

to 

to + g(to)- From f)3.3ip . we get 



x 2 + y 2 = {c{ + 4)e 2a \ t e R. (3.32) 
Consider three following cases 

Case 1. a = 0. In this case, take c\ = r > 0, c 2 = 0, where r small 

enough. Then, on each small circle {x(t) = rcos(t), y(t) = rsin(t), t G 

t 

[0,27r]}, g(t) = —t + f j 1 (x(s),y(s))ds+u(r,0). Taking r small enough, 
o 

we may assume that \ji(x(s),y(s))\ < 1/2 for all s G [0, 2tt]. It is easy 
to see that \g(27r) —g(0) \ > 7r. This is not possible since g{27i) = g(0) = 
u(r, 0). 

Case 2. a < 0. By (l3~32l) . (x(t),?/(t)) -> as t -> +oo. Then, 

u(x(t),y(t)) — > — oo as t — > — oo. It is a contradiction. 

Case 3. a > 0. By (13.321) . we have (x(t),y(t)) — > as t — > — cxd and 

t = — In —5 5-. Taking t < such that Itol big enough, we may 

2a c\ + q 

assume that |7i(x(s),?/(s))| < 1 for all s < to- Then for all t < t , we 
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have the following estimate 



t 



g(t) < -(t-t ) + | / ^(x(s),y{s))ds\ + \g(t )\ 



to 

t 



<-(t-t ) + \ / \^ 1 {x(s),y{s))\ds\ + \g(t )\ 



to 

< -(t-t ) + \t-t \ + \g(t )\ 

< -2(t-t ) + \g(t )\. 
Hence, for all t <to, we obtain 

> - 1 



no 



In \z(t) |' 

where z(t) := + This implies that 

v ^(^(*)) 

hm v \ = +00. 

This is impossible since P vanishes to infinite order at 0. □ 

Let F = (f,g) e Aut(Q) be such that F(0, 0) = (0,0). Because of 
Bell's condition R of dQ, F extends smoothly to the boumdary of Q. 
Let U be a a neighborhood of (0, 0). Then, there exists a neighborhood 
V of (0, 0) such that 

F(Uf]V) cfinu. (3.33) 
The following lemma is similar to Lemma 2.5 of 



Lemma 3.4. Let F = (f,g) E Aut(VL). Let U, V be two neighborhoods 
of (0, 0) such that Ii3. 33\) holds. Then, for any (z\, Z2) G V , 

(i) ^,0) = 0. 

(ii) f(z 1: z 2 ) = f(z 2 ) 

Proof, a) Let U, V be two neighborhoods of (0, 0) such that ( 13.331) holds. 
Let 7 be the set of all points (it, 0) G dQ H U. By Bell's condition 
R, the restriction to dVt of the extension of F to Q defines a C-R 
automorphism of dQ. Since the D'Angelo type is a C-R invariant, we 
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have F(7 n V) C 7. Hence, g(it,0) = and Ref(it, 0) = 0. Since 
/i(^) := g(z u Q) G Hol(B) nC°°(H), g(z!,0) = 0. Here, we denote H 
by H = {zi G C : Rez 1 < 0}. 

b) A classical argument based on the Hopf 's lemma shows that (p o 
.F)(zi,z 2 ) is also a defining function on V. In particular, there exists 
a smooth function k(zi, Z2) which is strictly positive and such that, for 
any (z 1 ,z 2 ) G V, 

Re^i + P(z 2 ) + <2(z2) Imzi) 

= fc(zi, z 2 ) [Ref(z u z 2 ) + z 2 )) + Q(flf(zi, Z2), WOi, • 

(3.34) 

We claim that for any A > 1 and any (it, 0) G 7 fl V 
0" 



Re/(«i, z 2 ) + P(g(zi, z 2 )) + ^2), W(zi, z 2 )) 



= 0. 

(it,0) 

(3.35) 



In fact, for any (it, 0) G 7 fl V we have that 

Ref(it, 0) + P(<?(zt, 0)) + Q(<?(zt, 0), Im/(zt, 0)) = 0. 
From (gS33D , it follows that 

= 



9 

Re/(«i, z 2 ) + P(#(2i, + QWi, ^2), W(zi, z 2 )) 



(9^ 



(it,0) 



which implies ( 13.351) for A = 1. Taking the A-th derivative with respect 
to z 2 of (13.341) and using an inductive argument, it follows that (13.351) 
holds also for any A > 1. From a), (13.351) and the property (2.i) we 
get that for any A > 1 and any (it, 0) G dVl fl V 

— /(it,0) = 0. (3.36) 

Using the same arguments as for (a), we see that (I3.36P implies (b). □ 

Proof of theorem Suppose that (0, 0) G dQ be a parabolic bound- 
ary point associated with a one-parameter group {Fg}g e ^ C Aut(Vt). 
Let H be the vector field generating the group {F g } eeR , i.e., 
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Since Q satisfies Bell's condition R, each automorphism of Q extends 
to be of class C°° on Q. Therefore, H G Hol(Q) r\C°°(Q). Furthermore, 
since F e (dQ) C dQ, it follows that H(z) G T z (dQ) for all z G dQ, i.e., 



(ReH)p(Q = 0, V C e dQ. 



(3.37) 



A vector field H G Hol{Q) n C°°{Q) satisfying (l3~37j) is called to be a 
holomorphic tangent vector field for domain Q. Since Fq(0, 0) = (0, 0), 
it follows from Lemma [33] that Fq(z±, z 2 ) = (fe( z i), z 29e(zi, z 2 )), where 
fe and gg are holomorphic on U fl £1, where U is a neighborhood of 
(0, 0). Hence, the vector field H has the form 

d d 

H{z u z 2 ) = hfa)- h z 2 h 2 (z 1 , z 2 )—, 

az\ az 2 

where h\ and h 2 is holomophic on Q and, is of class C°° up to the bound- 
ary dQ. Moreover, hi vanishes at the origin. By a simple computation, 
we get 

-S-P(zi,z 2 ) = ]: + -^-Qiz^Imzx), 
az\ 2 az\ 

d d 
a—p(z!, z 2 ) = P\z 2 ) + — Q(z 2 , Imzi). 
oz 2 oz 2 



Since H(z) is a tangent vector field to dQ, we have 
Re 



1 d 

l y 2 + Q^Q( z 2' lmz ^ h i( z ^ + 



d 

(P(z 2 ) + —Q(z 2 , lmzi))z 2 h 2 (zi, z 2 ) 
oz 2 



(3.38) 



0. 



for all (zi, z 2 ) G dQ. For any (it, 0) G dQ fl U, we have 

Rehiit) = 0. 



(3.39) 



Since hi G Hol(R) n C°°(H), where H is the left half-plane, by the 
Schwarz reflection principle, h\ can be extended to be a holomorphic 
on a neighborhood of Z\ = 0. From (13.381) . it follows that, for any 
{-P{z 2 ),z 2 ) G dQ R U, 

1 



Rc 



-/H(-P(z 2 )) + z 2 P'(z 2 )h 2 (-P(z 2 ), z 2 ) 



0. 



(3.40) 
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Expanding hi and h 2 into Taylor series about the origin, we get h\{z\) = 

oo oo 

a n Zi and h 2 (zi, z 2 ) = J2 b k {z{)z\, where a n G C, b k G Hol(R) n 

n=0 _ k=0 

C°°(H), for any n, k G N. Note that a = since /ii(0) = 0. If there ex- 
ists an integer number n > 1 such that Rea n 7^ 0, then the biggest term 
in Ke[-hi(—P(z 2 ))] has the form Kea n P n (z 2 ). Therefore, there exists 
at least HI such that either 6^(0) ^ or fcfc(zi) vanishes to finite 
order at z x = 0. Then the biggest term in Re [z 2 P'(z 2 )h 2 (— P(z 2 ), z 2 )] 
has the form Re[bz^ P' (z 2 ) P l (z 2 )] , where b G C, Z G N. By (E3QD, 
there exists e > such that 

Re[a n P n -\z 2 ) + fe 2 fc P'( 22 )] = o(P n - l (z 2 )), (3.41) 

for all I z 2 1 < eo- It is easy to see that n > I. Thus, by Lemma 
13.11 Lemma 13. 2\ and Lemma 13.31 we get Rea n = 6 = 0. This is a 

contradiction. Therefore, Rea n = for every n > 1 and thus, we 

00 

can write Zii(zi) = i. a n z ii where a n G R, = 1,2, Let 

n=l 

w(^i) := Re/ii(zi). Then the function u is harmonic on the left haft- 
plane H and is smooth up to the boundary <9H. By (I3.39p . we have, for 

any real number t small enough, u(it) = 0. Moreover, u(—t) = for 

00 

any t small enough since hi(zi) = i a nZi- Hence, by the maximum 

n=l 

principle, we conclude that u{z\) = 0. Consequensely, hi(zi) = and 
hence, H becomes a planar vector field. This is impossible since dQ is 
not flat near the origin. So the proof is completed. □ 
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